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Effects of Unsymmetrical Stability Derivative Characteristics
on Re-Entry Vehicle Trim Angle Behavior

ALBERT E. HODAPP JR.*
Sandia Laboratories, Albuquerque, N.Mex.

A quasi-steady analytical theory is developed to investigate the effects that unsymmetrical stability derivative
characteristics can have on the trim angle behavior of slender rolling re-entry vehicles. For mass, aerodynamic,
and inertia asymmetries, the predicted trim angle behavior patterns are more unstable near resonance than are
the well-known patterns displayed by vehicles with symmetrical stability derivative characteristics. Near the
resonances, small asymmetries in the static moment slope characteristics are shown to cause large, sometimes
unbounded increases in trim magnification and jump discontinuities in windward meridian position. The analytically
predicted trends are verified by six-degree-of-freedom numerical simulations.

Nomenclature
e.g. = center of gravity
CA = axial force coefficient, — Fx/q'S
Cm = pitching moment coefficient, MY/q'Sd
Cmo = aerodynamic asymmetry induced pitching moment

coefficient
Cmq = damping derivative coefficient, dCm/d(qd/2U), 1/rad
CMa — pitching moment slope coefficient, dCm/doc., 1/rad
CTO. = damping derivative coefficient, dCm/d(ud/2U), 1/rad
Cn = yawing moment coefficient, Mz/q'Sd
Cn = aerodynamic asymmetry induced yawing moment

coefficient
CHr = damping derivative coefficient, dCJd(rd/2U), 1/rad
Cnp = yawing moment slope coefficient, dCJdp, 1/rad
Cn. = damping derivative coefficient, dCJd(ftd/2U), 1/rad
CY — force coefficient for Y-body direction, FY/q'S
CYi! — force slope coefficient, dCY/dp, 1/rad
Cz = force coefficient for Z-body direction, Fz/q'S
CZx = force slope coefficient, dCz/doc., 1/rad
d = vehicle base diameter (Fig. 1), ft or m
FX,FY,FZ = aerodynamic forces acting along the X, Y, Z axes,

respectively, Ib or N
g = gravitational acceleration, ft/sec2 or m/sec2

G = critical frequency ratio [Eq. (16)]
h = altitude, ft or m

— moments of inertia about the X, Y, Z axes, respectively,
slug-ft2 or Kg-m2

Jxz = products of inertia relative to the X, Y, Z axes,
slug-ft2 or Kg-m2

= vehicle mass, slugs or Kg
Mz = aerodynamic moments about the X, Y, Z axes,

respectively, ft-lb or N-m
= angular velocities about the X, Y, Z axes, respectively

(roll, pitch, and yaw rates), rad/sec
= pitch and yaw critical frequencies, respectively,

[Eqs. (8) and (11)], rad/sec
= dynamic pressure, lb/ft2 or N/m2

= reference area, S = nd2/4, ft2 or m2

= time, sec
= total velocity, ft/sec or m/sec

m
Mx, MY,

Pcrp> Pcr

q's
t
u
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p,
3>c.g.

X, Y, Z = body reference axes, mutually parallel to Xg, Yg, Zg
axes, with origin at the e.g. (Fig. 1)

Xg, Yg, Zg = geometric axes, with Xg the axis of geometric sym-
metry (Fig. 1)

Yp, Zp = principal axes (Fig. 1)
;.»Zc.g. = position of the e.g. relative to origin of Xg, Yg, Zg

axes along Yg and Zg axes respectively (Fig. 1), ft
or m

a, ft = angle of attack and sideslip angle, respectively, rad or
deg

ao, fio = reference (p = 0) trim angles of attack and sideslip
which result from aerodynamic asymmetries, rad or
deg

y = flight path angle, deg
Sa, 6^ = inclination angles between the Xp, Yp, Zp and X, Y, Z

axes [Fig. 1 and Eqs. (1) and (2)], rad or deg
f = complex total angle of attack, rad or deg
Ap, Ay = pitch and yaw roll rate ratios, respectively [Eqs. (7)

and (10)]
H Hy — pitch and yaw damping ratios, respectively [Eqs. (9)

and (12)]
p = atmospheric density, slug/ft3 or Kg/m3

(j) = aerodynamic roll angle, trim orientation angle, or
windward meridian position [Eq. (15) and Fig. 2],
rad or deg

|| = absolute value or magnitude
= first and second derivatives with respect to time

Subscripts
i, R,T — initial, reference, and trim conditions

Introduction

MANY investigations concerning the trim angle behavior of
slender rolling re-entry vehicles can be found in Refs. 1-7.

In these investigations, the effects of various types of small trim
producing asymmetries were studied using the assumption that
the stability derivative coefficients of the re-entry vehicle are
symmetrical; i.e., CZa = CYf, Cma = -Cn/?, Cmq + Cm. = Cnr-Cnf,
etc. Walchner8 has shown experimentally that at hypersonic
speeds small nosetip asymmetries on otherwise symmetrical
conical vehicles can introduce flowfield pressure perturbations
which, in addition to creating trim angles, invalidate the sym-
metrical aerodynamic stability derivative assumption. To the
author's knowledge, investigations of this effect of small asym-
metries on re-entry vehicle trim angle behavior have not appeared
in the literature. A detailed description is given herein of the
effects unsymmetrical stability derivative characteristics (CZa ^
Cy,f Cma * -CHf, Cm+Cmk * Cn-Cn., etc.) have on the trim
angle behavior of slender rolling re-entry vehicles. For these
vehicles, it is shown that trim angle behavior near resonance
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can become more unstable than the trim angle behavior displayed
by vehicles which have symmetrical stability derivative character-
istics and equivalent trim producing asymmetries. Because of
increased trim magnification and changes in windward meridian
behavior near resonance, the presence of unsymmetrical stability
derivative characteristics can invalidate trim magnitude pre-
dictions and predictions of trim induced roll rate behavior that
are based on previous analytical results for re-entry vehicles.

A quasi-steady analytical theory is developed to provide an
insight into the effects of unsymmetrical stability derivative
characteristics on the trim angle behavior of slender rolling re-
entry vehicles. Results similar to those developed herein were
obtained for a rolling airplane by Rhoads and Schuler9; how-
ever, their analytical results do not include all of the trim-
producing effects which must be considered for re-entry vehicle
flights. The effects of small mass asymmetries (e.g. offset), aero-
dynamics asymmetries (Cmo and/or Cno)9 and inertia asymmetries
(principal axis misalignment) are included in the analytical
results presented here. Six-degree-of-freedom (6-DOF) simula-
tions are presented to confirm the analytically predicted trends.
Walchner's experimental results are used as a guide to obtain
realistic bounds on the asymmetries of the stability derivative
coefficients used for the examples, simulations, and comparisons
included in this presentation.

Theoretical Analysis
Equations of Angular Motion

The following differential equations describe the pitching-
yawing motions of a rolling re-entry vehicle that has un-
symmetrical stability derivative characteristics and small mass,
aerodynamic, and inertia asymmetries.

a + 4,a + Baa + Cj + Dj + E.0 = Fa (1)
where

Y,YS

C.=a JJ V

/>. = P 1 +

= -T- \Cm+C, ^ \* ~2<5a p2 and

(2)
where

l'Sd -c
2/7 /z

and

Top View

, Zo

Rear ViewSide View

Fig. 1 Coordinate systems and nomenclature.

These coupled differential equations were derived using the X,
7, Z body fixed axis system (Fig. 1) as a reference. The
assumptions used in developing the equations are as follows :

a) Gravitational acceleration and asymmetry induced forces
have a negligible effect on the angular motions of the re-entry
vehicle.

b) The re-entry vehicle experiences only small perturbations in
angle of attack and side-slip angle (a and ft <^ 1 rad).

c) Aerodynamic forces and moments vary linearly with a, /?, q,
r, and the time derivatives of a and ft.

d) The products of inertia JXY, Jxz, and JYZ are small com-
pared to the moments of inertia Ix, IY, and /z; and

e) Mass and aerodynamic asymmetries are small (\yc g /d\ and
IWI < l ' \C*JC* and I<VCB,| « i).

The forcing functions Fa and Fft in Eqs. (1) and (2) contain
the parameters which cause the re-entry vehicle to trim at a non-
zero angle relative to the wind. Contributors to the total trim
angle of attack are mass asymmetries yc g and zc g , aerodynamic
asymmetry induced pitching and yawing moment coefficients
Cmo and Cno, and inertia asymmetries <5a and 6 p.

The coefficients Fa and Fp are separated into two distinct
groups of parameters. The group that results from inertia
asymmetry is multiplied by the roll rate squared ; the remaining
group in each of these coefficients contains the mass and aero-
dynamic asymmetry terms. This grouping of parameters indicates
that the trim angles that result from mass and aerodynamic
asymmetries will display similar behavior, whereas the inertia
asymmetry induced trim angle will display a distinctly different
behavior.7

During flight the coefficients of Eqs. (1) and (2) are variables
because of altitude and velocity changes. For the quasi-steady
theoretical results presented here, it is assumed that the variation
of these coefficients with respect to time is such that they can be
considered essentially constant over small time intervals of the
flight. The solutions for the transient angular motions are ignored
because only the trim angle behavior is being considered in this
development. The solutions of Eqs. (1) and (2) then reduce to
the steady response or particular solutions of these linear second-
order equations which are given as

and
p - Ex Fp)/(Ba B, - £a Ef)

B, -

(3)

E,) (4)
The terms on the right-hand side of Eqs. (3) and (4) are defined
in Eqs. (1) and (2).

A consequence of assuming that the coefficients of Eqs. (1)
and (2) are constant is that Eqs. (3) and (4) will always predict
the steady-state trim angles at each value of time. This is
equivalent to having a trim angle that responds instantaneously
to the forcing function. During flight, the trim angle requires a
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finite time to build up and therefore cannot respond instan-
taneously. For this reason, differences in the magnitudes of the
theoretically predicted trim angle and the actual trim angle
exist. These differences are largest during high altitude transient
resonance encounters. For conditions of sustained resonance and
for transient resonance conditions at low altitudes, these
differences can be quite small.

Trim Angle' of Attack
After some algebraic manipulation of Eqs. (3) and (4), the

expressions for the trim angle of attack and the trim angle of
sideslip can be reduced to

y
Windward
Meridian

Relative
Velocity

Fig. 2 Orientation of total trim angle, lateral trim force, and windward
meridian.

(5)

(6)
where aTjt and (STlt are the reference trim angles which result
from mass and aerodynamic asymmetry; <5a and Sf are the
reference trim angles which result from inertia asymmetry; and

, = P/Pcrf (?)

(8)

0,= ±<-

and

r cnesd T/2]
[2(/r-/jr)J J

(9)

(10)

(11)

(12)

The signs of pcrp and pcry are always the same as that of p ;
therefore, the roll rate ratios Ap and Xy are always positive.
Similarly, the signs outside the brackets in the expressions for
the damping ratios \ip and jny are the same as that of p. The
aerodynamic coefficients combine to yield a positive term within
the brackets of Eqs. (9) and (12) for re-entry configurations
of interest ; then, }ip and py have the sign of the roll rate.

The total trim angle of attack £T (Fig. 2) may be defined in
terms of aT and /?T [Eqs. (5) and (6)] as follows :

/?T+iaT (13)
where the total trim angle magnitude

and the orientation angle or windward meridian position
^ = tan-1tfr/ar) (15)

The reference roll rate condition for mass and/or aerodynamic
asymmetry induced trim angle is p — 0. At p — 0, £r =

l), where

and

The quantities a0 and /?0 are the nonrolling angle of attack
and side-slip angle caused by aerodynamic asymmetries:

The reference roll rate condition for the inertia asymmetry
induced trim angle is p -* oo. Neglecting the products of principal
axis inclination angles, CT -» (e>0 + i<5a) as p-+ oo. The reference
trim angles <5a and dft are defined in terms of the moments and
products of inertia in Eqs. (1) and (2).

Trim Angle Behavior
Equations (5) and (6) contain the effects of unsymmetrical

stability derivative characteristics as well as previously un-
reported effects of the JYZ product of inertia. This product of
inertia introduces an additional damping or undamping effect
into the denominators of these equations. These identical
denominators can go to zero at or near the undamped
resonances Ap = 1 and Ay = i ; therefore, near these undamped
resonances ar, /?r and hence |fr| [Eq. (14)] can become un-

y are unequal and/or
the denominators of

bounded. If the roll rate ratios Ap and
if JYZ is nonzero, zeros can occur in
Eqs. (5) and (6) even when the damping ratios \ip and \iy are
nonzero. Previous descriptions of re-entry vehicle trim angle
behavior1"7 require only that the damping ratio be nonzero for
trim magnification to remain finite. The presence of an un-
bounded or even large trim angle violates the small angle
restriction on the applicability of these expressions. Even so, this
analytical prediction cannot be ignored because it indicates the
possible occurrence of a serious instability. It is shown later
that very unstable trim angle behavior can occur in flight as
indicated by the analytical expressions.

Note that for nonzero JYZ even so-called symmetrical vehicles
(i.e., vehicles having Ap = Iy, \ip — \ir IY = Iz) can experience
unbounded trim angle near resonance when aerodynamic
damping is present. There are conditions for which JYZ can
have a significant effect on trim angle behavior; however, for
realistic values of this parameter, these effects are small when
compared to those which result from small asymmetries in some
stability derivative coefficients. The effects on trim angle behavior
of the JYZ product of inertia are a separate subject and are
not discussed further here. The present discussion is confined to
describing some of the more important effects that unsymmetrical
stability derivative coefficient characteristics can have on trim
angle behavior.

In order to simplify the description of trim angle behavior in
the presence of unsymmetrical stability derivative coefficients,
it will be assumed that JYZ = 0 and that there is a constant
difference in the magnitudes of Cma and Cnp. This second
assumption yields the following linear relationship between the
two roll rate ratios

Ay = Gkp (16)
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where the critical frequency ratio G (a constant) is given as

Using Eq. (16) and letting JYZ = 0, Eqs. (5) and (6) reduce to

and

(17)

(18)

The total trim .angle of attack (T is obtained after substituting
Eqs. (17) and (18) into Eq. (13). The behavior of the magnitude
|£r| and the orientation cf> of the total trim angle is investigated
by varying Ap while holding np, ny, and G constant. The
denominator of |£r|, which is identical to those of Eqs. (17) and
(18), is quadratic in Ap

2. To find the values of /lp which cause
|£T| to become undefined, the denominator is set equal to zero
and the resulting biquadratic equation is solved for its roots.
When positive real roots exist, they must satisfy

2G \2- j l /2- ) l /2

G2-Gju,/iy+l

Since G arid the product fj,pi4y are both positive, with
this equation indicates that when

(19)

G/^+l)^l (20)
the roots are real, and therefore zeroes can occur in the de-
nominator of |Cr at positive real values of lp. For re-entry
vehicles, these zeroes occur very close to the undamped resonance
conditions Ap = 1 and Ay = Gkp = 1 ; therefore, |f r| can become
unbounded near these conditions. Note that when G ̂  1 and/or
when IJLP and ny ^ 0, zeroes cannot occur simultaneously in the
numerator and denominator of |£T|.

The product of damping ratios \ip\iy has a strong influence
on the range of G over which the trim magnitude remains
bounded near resonance. This is shown in Fig. 3 where the left-

1.1

o

0.5 1.0 1.5 2.0 2.5 3.0
2

Fig. 3 Parameters which influence trim angle magnitude.

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
Pitch Roll Rate Ratio, \

a) Trim angle magnitude

= 1.0 for G = 1.0
1.05, 1.10 and 1.15

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
Pitch Roll Ratio, X

b) Windward meridian position

Fig. 4 Low altitude trim angle response to mass and/or aerodynamic
asymmetry and static moment slope asymmetry.

hand side of Eq. (20) is plotted vs G for selected values of
jupjur According to Eq. (20), the horizontal line on Fig. 3
separates the regions of bounded (imaginary 2p above the line)
and unbounded (positive real lp at and below the line) trim
angle. Each member of the family of curves (^pfiy = const)
presented in Fig. 3 intersects this horizontal line. The distance
along the line between intersections defines the range of G over
which the trim angle will remain bounded as lp varies. Notice
that as the magnitude of the product npny increases, this range
of G increases. Equations (9) and (12) show that \ip and fiy are
directly proportional to p1/2; therefore, as altitude decreases \ip
and [iy increase in magnitude/Consequently, the range of G for
bounded trim angle near resonance increases with decreasing
altitude.

Asymmetries in the static force slope coefficients and damping
derivative coefficients can contribute to unstable trim angle
behavior through their effect on the damping ratios [ip and /^;
however, the dominant effect of unsymmetrical stability deriva-
tive coefficient characteristics on trim angle behavior is that
which results from differences in the pitching moment slope
coefficient and yawing moment slope coefficient (i.e., when
Cma / -Cnp). This effect on trim angle behavior is illustrated in
Figs. 4 and 5 for a mass and/or aerodynamic asymmetry induced
trim angle. The components of this trim angle |£r| and 4>, are
presented as functions of Ap and G. The trim angle behavior
presented in Figs. 4 and 5 is representative of that which could
occur at altitudes near those where a ballistic re-entry vehicle
encounters low altitude and high altitude resonance, respectively.
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Fig. 5 High altitude trim angle response to mass and/or aerodynamic
asymmetry and static moment slope asymmetry.

The vehicle used to generate these curves is a 10° cone that has
a reference trim angle of attack O.TR of 0.5°. The vehicle is sym-
metrical except for the small trim producing asymmetries and for
differences in Cmx and Cnf; i.e., IY = Iz, Cy/? = CZx, C^ + C^ =
Cnr—Cn-p, and Cmx = — G2Cn/r The pitching moment slope co-
efficient was held constant while Caf was varied using G values
of 1.0, 1.05, 1.1, and 1.15. This corresponds to differences in
Cmx and Cmf of 0%, 10%, 21%, and 32%, all of which fall within
the range reported by Walchner.8 Because Cma is constant, KTR
remains constant as G is varied. The G = 1 curves in Figs. 4 and 5
are the reference curves since they describe the trim angle
behavior of a re-entry vehicle that has symmetrical force and
moment stability derivative coefficients. As shown in Figs. 4 and 5
the variation in G has little effect on trim angle behavior relative
to the G = 1 curves for values of Ap away from the undamped
resonances Ap = 1 and Ap = G~l; however, near these resonances
there is a very large effect. In Figs. 4 and 5, the variation in G
is presented only for values ^ 1. This is because a similar range
of G over values ^ 1 will yield similar trim angle behavior.

As G increases from one, the aerodynamic static moment
slope characteristics of the re-entry vehicle become more un-
symmetrical and, as shown in Fig. 4a, the magnification of the
total trim angle is increased significantly near the undamped
resonances. The maximum amplitude occurs between these
resonances because of the influence of the aerodynamic damping.
As the trim magnification increases, |£T| evolves from a single
peak curve into a double peak curve (not shown in Fig. 4a);
one peak then becomes unbounded followed immediately by the
second. For the low altitude condition depicted in Fig. 4a,
Eq. (20) can be used to show that the

remain bounded for 0.905 < G < 1.105 (Fig. 3, npny = 0.01);
i.e., the curves will remain bounded for differences in the
magnitudes of Cma and Cn/} of less than 22% (Fig. 3, recall that
IY = /z). In Fig. 4a, it is shown that |fT| is bounded for
G = 1.05 and 1.10, but becomes unbounded when G is increased
to 1.15 (- CmJCnf = 1.32). The values of Ap at which |£T| becomes
undefined [positive real roots of Eq. (19)] are indicated for the
G = 1.15 curves in both Figs. 4 and 5.

At the high altitude condition where the aerodynamic damping
is considerably smaller (Fig. 5, ̂ p\iy = 0.0002), Eq. (20) indicates
that the |Cr| vs ^P curves will remain bounded only for
0.986 < G < 1.014; i.e., only for differences in the magnitudes of
Cma and Cn/} of less than 2.8%. The two peak |f r| vs Ap curve
for G = 1.15 in Fig. 5a therefore is representative of trim angle
behavior at high altitudes for almost all values of G > 1; however,
values of G smaller than 1.15 will cause the two divergent peaks
to move closer together. Because the aerodynamic damping is
very small at high altitudes, |£r| becomes unbounded at values
of Ap which are very close to those for the undamped resonances.

The effects of unsymmetrical static moment slope character-
istics on windward meridian (</>) behavior are shown in Figs. 4b
and 5b. When G > 1 but small enough for |£r| to remain
bounded (G = 1.05 and 1.10 in Fig. 4b), the $ vs lp curves
are simply shifted relative to the G = 1 curve with the 180° range
of <j) remaining unchanged. At values of Ap where |£r| becomes
undefined [positive real roots of Eq. (19)], jump discontinuities
result in the $ vs Ap curves (Figs. 4b and 5b, G = 1.15) which

16

I 14

~H12
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a
rt

t 2

0.5°

X = 1.0 for
G = 1.0, 1.05,
1.10 and 1.15

Roots of Eq. (19)
G = 1.15

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
Pitch Roll Rate Ratio, X

a) Trim angle magnitude
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X = 1.0 for G = 1.0,
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•o 45
-©•
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? -45
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£ -90
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0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Pitch Roll Rate Ratio, X
P

b) Windward meridian position

Fig. 6 Low altitude trim angle response to inertia asymmetry and
static moment slope asymmetry.
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cause a 180° shift in the windward meridian position; i.e., the
body rolls over relative to the wind. Between these discontinuities,
the windward meridian position $ varies with Ap in a normal
manner except for the 180° bias.

The results given in Figs. 4b and 5b (jip, [iy > 0) indicate that
positive changes in Ap produce positive changes in $ even over
the range of Ap values between discontinuities. Excluding this
small range of Ap values between discontinuities, the windward
meridian behavior for re-entry vehicles having G ̂  1 or G ̂  1
is similar (G ̂  1 is shown); i.e., there is a 180° change in <£ as
the roll rate ratio is varied from Ap <^ 1 to Ap > 1; also, a 90°
change in $ occurs in going from a reference roll rate condition
(AP = Oor Ap -> oo)to one of the undamped resonance conditions.
For the cases presented in Figs. 4b and 5b, a reference trim
angle of attack (arj was used; therefore, the 90° change in
windward meridian position occurs as Ap is varied from zero to
G"1, the value at the undamped yaw resonance. If a reference
trim angle of sideslip (f$TR) had been used, the 90° change in </>
would have occurred at the undamped pitch resonance (AP =1).

An example is presented in Fig. 6 to demonstrate the trim
angle behavior of a re-entry vehicle that has an inertia asymmetry
and unsymmetrical static moment slope characteristics. The
reference vehicle used to generate the curves in Fig. 6 is identical
to the vehicle used to generate the curves presented in Fig. 4,
with the exception of the type of trim producing asymmetry.
The same low altitude reference condition was used in both
figures, and the reference trim angles have the same numerical
value (O.TR = 3a = 0.5°). The results presented in Figs. 4 and 6 can
be compared for equivalent values of G to demonstrate the
different trim angle behavior patterns induced by these different
types of trim producing asymmetries.

Before making these comparisons, there are some general
relationships between these two basic types of trim angles that
should be mentioned. In order to discuss these relationships,
subscript 1 will be used to indicate the inertia asymmetry induced
trim angle components and subscript 2 will be used to identify
components of the trim angle which results from the presence of
mass and/or aerodynamic asymmetries. When the reference
values of these two types of trim angles satisfy the relationship

S./»r.-«rAG2 = 0 (21)
the windward meridian positions differ by a constant angular
displacement

^! = *2 + C (22)
for all values of Ap, and the total trim angle magnitudes at the
undamped resonances are related by

ICrJ = G"]fT2| (23)
The values of n are given in Table 1. Equation (21) governs the
choice of signs for the reference angles in Table 1 and K is a
constant.

Table 1 Values of n for Eq. (23)

Reference trim
angle relations Eq. (21) / = 1

= -2

The reference conditions used for Figs. 4 and 6 (<5a = &.TR = 0.5°,
PTR = dp = 0) satisfy Eq. (21). For these particular reference con-
ditions C = 180° in Eq (22) for all Ap, while n = 0 and -2 in
Eq. (23) at Ap — 1 and G~1, respectively. Between the undamped
resonances, the differences in the maximum magnitudes of the

two trim angles increases as G increases from one, with the
maximum magnitude of the mass and/or aerodynamic asym-
metry induced trim angle (Fig. 4a) being the larger. If G were
decreased from one, the differences in maximum magnitude
would again increase; however, then the maximum magnitude
of the inertia asymmetry induced trim angle would be largest.
For G = 1, the maximum magnitudes are equal. At conditions
far above and far below resonance (Ap ^> 1 and Ap <| 1), where
variations in G have no effect (Figs. 4 and 6), the two types of
trim angle have opposite asymptotic behavior7; i.e., as one
approaches its reference value, the other approaches zero.

Digital 6-DOF Simulations
The preceding theoretical development provides an analytical

tool by which a more complete knowledge can be gained con-
cerning the effects of unsymmetrical stability derivative co-
efficients on the trim angle behavior of slender rolling re-entry
vehicles. These quasi-steady analytical results indicate that the
largest effect of unsymmetrical stability derivatives is that of un-
symmetrical static moment slope coefficients (Cmx ^ — Cnf). The
theoretical results indicate that increasing the asymmetry of the
static moment slope characteristics increases the trim magnifica-
tion near resonance and when differences in Cmx and Cn? exceed
some altitude dependent limit, unbounded trim magnification
occurs accompanied by jump discontinuities in the windward
meridian position. In order to investigate these analytical pre-
dictions, re-entry simulations were obtained by numerically
integrating the complete 6-DOF equations of motion. The results
of these simulations are presented in this section.

The reference vehicle used for the re-entry simulations was the
Sandia Re-entry Vehicle Resonance Test Vehicle (RVRTV), a 10°
half-angle cone having a 1.25 ft (0.381 m) base diameter, a nose
to base radius ratio of 0.0167, a 6% hypersonic static margin
and a Newtonian ballistic coefficient of approximately 1100
lb/ft2 (5.267 x 104 N/m2). The external geometry of this vehicle
is the same as standard dynamic stability calibration models
used by the Supersonic Tunnel Association and the AGARD.10

For these simulations the vehicle is symmetrical except for small
trim producing asymmetries and for differences in Cmx and Cnf.
The aerodynamic stability derivative coefficients of the reference
vehicle were held constant to be consistent with the restrictions
on the theory.

The initial re-entry conditions used for these 6-DOF digital
simulations were Ut = 21,600 fps (6584 m/sec), y. - -20.6° and
ht = 180,000 ft (54,864m). The initial roll rate, p£ - 44 rad/sec,
was chosen so that the re-entry vehicle would encounter both
high altitude and low altitude resonance when the roll rate
remained constant.

A description, based on results obtained from the 6-DOF
simulations, is given in Fig. 7 of the effect of unsymmetrical
static moment slope characteristics (G2 = — CmJCnfi > 1) on the
trim angle behavior of a rolling re-entry vehicle. High altitude
and low altitude resonance encounters are presented for the
RVRTV with a 0.5° reference trim angle of attack (QLTR). The
G = 1 curves in Fig. 7 are the reference curves since they
represent the trim angle behavior of a vehicle with symmetrical
stability derivative characteristics. The roll rate remained con-
stant throughout these simulated flights because the roll torque,
Mx, was set equal to zero. Total angle-of-attack transients
were eliminated during the early portion of these simulated
flights by the proper choice of initial conditions. The total
trim angle of attack diverged explosively for some high altitude
resonance encounters, so it was necessary to restart the simula-
tions to observe the low altitude resonance behavior. Prior to
low altitude resonance, the simulations were restarted without
transients using the velocity, the flight path angle, and the trim
angle of attack from the G = 1 trajectory. Since the initial
transients were eliminated, the buildup in total angle-of-attack
magnitude shown in Figs. 7a and 7b is due only to trim
magnification near resonance. Note that transients are intro-
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Fig. 7 Simulated (6-DOF) trim angle response to aerodynamic
asymmetry and static moment slope asymmetry.

duced as the trfm angle decreases rapidly from its maximum
value. i

The 6-DOF results presented in Fig. 7 confirm the analytical
predictions concerning the effect of unsymmetrical static moment
slope characteristics oh trim angle magnitude. These results
show that increasing the asymmetry of the static moment slope
characteristics (increasing G in Fig. 7) increases the trim magni-
fication near resonance. Theoretical results for these trajectory
conditions predict an unbounded trim angle at the high altitude
resonance encounter (Fig. 7a) when G > 1.015; while at the low
altitude encounter (Fig. 7b), the trim angle is predicted to become
unbounded when G > 1.114. Relative to the quasi-steady esti-
mates, the effect of transient resonance is to increase the
magnitude of the static moment slope asymmetry required for
very unstable trim angle behavior to occur near resonance. This
is demonstrated by the results given in Fig. 7.

In order to obtain an explosive divergence in trim angle with
the 6-DOF results at the low altitude resonance encounter
(Fig. 7b), it is necessary to increase the magnitude of G above
the 1.15 value which is the upper limit for these simulations.
The 6-DOF results presented in Fig. 7a for the high altitude
encounter show that the explosive divergence in trim angle

predicted by the theory begins between G•= 1.05 and 1.10. Note
that for G = 1.10 and 1.15 the trim angle is diverging rapidly.
For these very unstable conditions, the large trim angles cause
large drag decelerations (3000) which result in rapid decreases in
both the pitch and yaw critical frequencies (pcrp and pcry) through
the effect of decreasing dynamic pressure. Because of the rapid
increase in -Ap that resulted, the characteristic two peak trim
magnification and jump discontinuities in windward meridian
position indicated in Fig. 5 were not present in these simulations.

In order to simulate a two peak trim magnification and step
changes in windward meridian position, G was increased to 1.50
and the reference trim angle, oc^, was decreased to 0.05°. Since
the transient resonance condition tends to smear the responses
to both resonances together, it was necessary to increase G.
This created a very unstable condition near resonance; therefore,
it was necessary to decrease the reference trim angle. The roll
rate was maintained at a constant 3 Hz for these simulations.
Under these conditions, even though the trim magnification was
large, the vehicle was able to pass through pitch resonance
without causing severe trajectory perturbations. As predicted by
the theory, a step change in windward meridian position
occurred. Near yaw resonance, the trim angle diverged ex-
plosively, once again causing a large decrease in dynamic
pressure.

The results presented thus far make it obvious that the angular
motion behavior of a vehicle with unsymmetrical static moment
slope characteristics cannot be modeled accurately by using the
average values of the stability derivative coefficients and assum-
ing the vehicle is symmetrical. Because the trim magnitude and
windward meridian behavior of these vehicles can differ greatly
from that of a vehicle with symmetrical static moment slope
characteristics, such an assumption will not allow a realistic
evaluation of the vehicles' motion near resonance and may lead
to erroneous predictions of trim induced roll rate behavior.

Conclusions

A quasi-steady analytical theory has been developed which
describes the effects of unsymmetrical stability derivative
characteristics on the trim angle behavior of slender rolling re-
entry vehicles. Results presented in this article indicate that in
addition to the usual dependence on aerodynamic damping, the
magnitude and position of the trim angle of attack near resonance
is heavily dependent on the asymmetry in the static moment
slope characteristics. Unlike the effects of unsymmetrical aero-
dynamic damping, small differences in the static moment slope
coefficients can result in very unstable trim angle behavior near
resonance for re-entry vehicles that have small mass, aero-
dynamic and inertia trim producing asymmetries. Specific con-
clusions that can be drawn from the results presented here are
as follows:

1) Increasing the asymmetry of the static moment slope
characteristics increases the trim magnification near the
resonances. When differences in the static moment slope co-
efficients exceed some altitude and aerodynamic damping
dependent limit, unbounded trim magnification occurs near each
undamped resonance accompanied by jump discontinuities in
windward meridian position.

2) With unsymmetrical static moment slope characteristics the
possibility of large trajectory dispersions and catastrophic vehicle
failure may exist even with relatively small trim-producing
asymmetries because of the large trim magnifications near
resonance.

3) For vehicles with roll torques that result from a combina-
tion of e.g. offset and trim angle, large variations in roll rate
behavior can be introduced by small changes in the asymmetry
of the static moment slope coefficients.

4) The trim angle behavior near resonance for a vehicle with
unsymmetrical static moment slope characteristics cannot be
modeled accurately by using the average values of the static
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moment slope coefficients and assuming that the vehicle has
symmetrical stability derivative characteristics.
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